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Abstract. We prove an Amitsur-Levitzki type theorem for the Lie superalgebras 
osp(l,2n) inspired by Kostant's cohomological interpretation of the classical theorem. We 
show that the Lie superalgebras Ql{p,cj) cannot satisfy an Amitsur-Levitzki type super 
identity if / and conjecture that neither can any other classical simple Lie superalge- 
bra with the exception ofosp(l,2H). 



0. Introduction 

The Amitsur-Levitzki theorem states that 0l(n) satisfies the standard polynomial iden- 
tity of order 2n. More precisely: 



Theorem: Define forX, e 2l{n),k > 1: 



Then /2n = 0. 



Amitsur and Levitzki proved their theorem using an inductive method that does not explain 
why such identity exists ILtZJ- Later, several simplifications and improvements of their 
proof, including graphical ones and several new proofs, were given 111 II 1221 171 1191 1181 120| 
|9l. However, all of these proofs but Kostant's lack a real interpretation of the result. 

Eight years after Amitsur-Levitzki , B. Kostant published a truly beautiful proof of 
their theorem, based on the cohomology of Lie algebras II II . Besides explaining the 
existence of the theorem, Kostant proved with his method that o(2n) satisfies the standard 
polynomial identity of order An — 2 (as a consequence of the particular structure of its 
invariants due to the existence of the Pffafian). Another proof of this result was later 
obtained by Rowen using a direct method, but with some difficulties |20|. Finally in 1981 
[9J, Kostant closed the subject once and for all by providing a very nice interpretation of 
the theorem in the context of representation theory and generaUzing it using his separation 
of variables theorem |TIT1. To our knowledge, no one has returned to the Amitsur-Levitzki 
theorem since then. 

A few comments can be made about Kostant's proofs of the Amitsur-Levitzki theorem. 
First, both proofs use the polynomial structure of the ring of invariants of a semi simple 
Lie algebra. Second, his cohomological proof is based on a quite sophisticated theorem 
of cohomology of Lie algebras (namely, the Hopf-Koszul-Samelson theorem, see e.g. 1 8 1) 
from which the Amitsur-Levitzki theorem is a consequence, modulo some combinatorial 
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identities concerning the trace LI IJ . We can give a more economical proof based on sim- 
ilar arguments, but that does not rely on the Hopf-Koszul-Samelson theorem. Our proof 
uses only elementary properties of the Chevalley-Cartan's transgression operator [T "31 
and some identities concerning the invariants Tr{X'^). It will not be presented in this paper; 
however, a completely similar reasoning will allow us to handle the orthosymplectic case 
osp(l,2«). 

The goal of this paper is to study possible versions of the Amitsur-Levitzki theorem 
in the case of Lie superalgebras. Consider the Lie super algebra gl{p,q) and define for 
Xu...,Xkeglip,qy. 

where the super sign £(a, ^ ) will be defined in Section I. The polynomial ^4 is invariant 
under the action of the super algebra gl{p,q). We call ^4 the standard super polynomial 
of order k and it clear that this polynomial is a natural candidate to replace 4 in the case 
of the superalgebra Ql{p,q). The next step is to check whether J24 is zero for k sufficiently 
big. However, if pq ^ 0, one can easily see that this is not true: there always exists a non 
nilpotent element X e slip,q)i and since ^(X, . . . ,X) = k\X'', it results that 7^ for 
all k. Therefore there is no standard super identity for Ql(p,q). With this counter-example 
in mind, one might think there is little hope in finding such an identity for the simple 
subalgebras of gl{p,q). 

However, a closer look at the counter-example shows that it can be translated in terms of 
invariants: the algebra of invariants of 2i{p,q) is not finitely generated |21 1. If we follow 
the philosophy of Kostant's proofs, the algebra of invariants of the considered Lie super- 
algebra should be a polynomial algebra, which leaves us with a single choice: osp(l,2n). 
For this series of Lie superalgebras, the algebra of invariants is a polynomial algebra in n 
variables by a theorem proved by V. Kac 1 15 1. In addition, it is easy to see that all elements 
in osp(l,2n)T are nilpotent (see Section 2), so the counter-example above does not apply. 

As a consequence, the series osp(l,2«) seems to be a good candidate for an Amitsur- 
Levitzki super theorem and our goal in this paper is to show that this super version does 
exists. The main result presented here is the following: 

THEOREM: ForXi, . . . ,X4„+2 e osp(l,2«), £4«+2(^i, • • • ,^4«+2) = 0. 

Notice that the number 4« + 2 appearing in the above theorem is precisely the one for 
g[(2n + 1) in the classical case of the Amitsur-Levitzki theorem. 

As we mentioned before, the proof of this theorem follows the lines of Kostant's coho- 
mological proof, but in a simpler form. Our proof does not need to use a powerful theorem 
such as Hopf-Koszul-Samelson's for osp(l,2n) (see |6|), but only elementary properties 
of a (super) transgression operator and some identities concerning super traces. 

We believe that in general there is no super Amitsur-Levitzki theorem for the classical 
Lie superalgebras, with exception made to the series osp(l,2n). This can be explained by 
the fact that their algebra of invariants is not (in general) finitely generated. Recall that 
osp(l,2n) are the only simple Lie superalgebras (together with simple Lie algebras) that 
are also semi simple |5 1 (meaning complete reducibility of their finite-dimensional repre- 
sentations). The fact that these Lie superalgebras satisfy an identity of Amitsur-Levitzki 
type strengthens the impression that they are very close to simple Lie algebras. However, 
the existence of a ghost center and of exotic primitive ideals in the enveloping algebra 
ll4lll5l[T6l indicate that the analogy cannot be carried much further. 
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We want to stress that the present study was performed in the context of an invariant 
theory for Lie superalgebras and in that spirit. It would of course be interesting to relate 
our super identity with the general theory of Pl-algebras (a very active domain, see e.g. 
12 17 20.1 ) where the classical Amitsur-Levitzki theorem plays an important role. That 
is a different study, which remains to be done since our super identity does not seem to 
appear in the Pl-algebras literature. 

1. Notations 

1.1. Algebras of supersymmetric and skew supersymmetric multilinear mappings. 

Let y = Vfi © Vj be a finite-dimensional Z2-graded vector space. Considered elements 
X G y are supposed homogeneous, and we denote by a small x the degree. On W = C, set 
= C and Wj = {0}. Let ■^iV) be the Z-graded space of multilinear forms on V and 
^P{y) the subspace of p-forms. Consider the natural Z2-grading on ^^(y): 

F e ^''(y),deg2^(F) = / iff degz,(F(Xi , . . . ,Xp)) =x, + ---+Xp + f 

The space ^{V) is endowed with the usual tensor product eg), and with a super tensor 
product denoted by and defined as : 

{F®G){Xu. . . ,Xp+^) := . . . ,Xp)G{Xp+u- ■ ■ 

S 

for Xu... ,Xp+, eV,Fe ^;(y), G G ^|(y ) with deg^^ (F) = f and deg^;^ (G) ^ g. 
Let ^ = {X\ ,Xp) e y and a an element of the symmetric group 6 p. Define: 

e(c7,^):^(-l)^(^-^) 

where K{a, S^) := \ G Y-^i < j and a{i) > It follows from 

the definition that e((7, ^) is a multipHer, that is: 

e(c7f7', JT) = e((7, jr)e((7', a'^ ■ ^) 

with(7-jr := 

We can consider three actions of &p on JF''{V): 
a ■F{Xi,...,Xp) := . . . 

<y-^F{Xi,...,Xp) := e((T, jr)F(Xfy(i),...,Xfy(^,)), 

a-F{Xi,...,Xp) := e{a)e{a, 3^-)F{X^^i), . . . ,X^^p)). 

We then say that a p-form F is supersymmetric if a F = F, \f a E &p and skew su- 
persymmetric if aF = F,yaE &p. We denote by ^(V) the space of supersymmetric 

a 

forms and by ^(y) the space of skew supersymmetric forms. 
Now let S and A be two operators on ^(y ) defined as: 

S(F):= y a-F, A(F) := V a-F, yFe^P(V). 

We can then define a product on ^{V) and £/{V) as: 

F-G::^-^S{F(x)G), 
p\q\ s 

for F e .^P{V), G e r^^iv), 

FAG:= -^A{F^G), 
p\q\ 
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forF e S2/P{V), G e .s^i{V). 

This gives an algebra structure on 0^{y) and ja^(y). The algebra 3^{y) is Z2 -graded 
(since V is Z2-graded) and isomorphic to the (usual) tensor product Sym(V'j5*) ® Ext(y-j*). 
The algebra (V ) is double graded by Z x Z2, and isomorphic to ExtfVn*) (g) SymfVj* ). 

ZxZj 

We have 

for F, G G ^(y ), deg^;^ (F) = /, deg^^ (G) = and 

FAG= (-1)"'"+-^«GAF, 

forF,G G ^(y), deg^^2^(F) = («,/), deg^.^i^lG) = {m,g). 

These relations imply that ^(y) and ^ (y) are supercommutative with respect to their 
gradation. We can say that S^iV) (respectively (V)) is the analogous of the algebra of 
polynomial functions (respectively of the Grassman algebra) in the non graded case. 

The following formulae will be useful in this work: let 0i . . . . , 0p G y* with Z2-degrees 
(pi,...,(Pp,(p:=(^i,...,^p),then 

01 • . . . ■ (?)p = (- 8(01 ® . . . </)p) and 

01 A...A(?)p = A(0i®...®0p) = (-l)"('P''P)A(0i»...Cg)0p), 



where Q. is the 2-form with matrix 



/O 
1 



1 oy 



ForX G y, define super derivations and ix of 3^{y) and ^ (y) respectively as: 

T>x{F){Xu. . . ,Xp_i) :- (-l)"^F(X,Xi, . . . ,Xp_i) 

for F G ^(y), degz, (F) ^ f and 

ixiF){X,,...,Xp_i):^{-iyfF{X,Xi,...,X„_i) 

for F € s^{V),dtg^.^j^^{F) = {p,f). 

Hence, Dx is a super derivation of degree x of ^{V) and ix is a super derivation of 
degree (— 1 ,x) of £/{V). 

1.2. Cohomology of Lie superalgebras (see (El)- Let g = gj ® gi be a Lie superalgebra 
with dimgj — p and dimgj = q. The contragredient representation ad of the adjoint repre- 
sentation ad can be extended to a representation L* of g into ^(y ) and to a representation 
L" of g into s^iV). For X G g, L^ (resp. LJ) is the super derivation of degree x (resp. 
(0,;t:)) of ^(y) (resp. .s/{V)) defined as: for F G ^(g) (resp. ^(g)) with dQgj^^{F) = / 
(resp. deg2;xZ2(^) ^ (nj)). 



^x^F{Xi,...,X„) 



-(-ir^ £ (-1)^(-'^'+-+'^-')f(Xi, . . . ,adX(X,-), . . . ,X„) 
7=1 



Denote by /'(g) and /"(g) the invariants under these actions. Let d be the map from V* 
to £/{V) defined as: 



= -0([Xi,X2]),V0Gg*. 
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There exists a super derivation (also denoted by d) of s^/iV) of degree (1,0) extending 
d: foiF ejz/{e), 

dF(Xi,...,X„+i) :=^(-l)'+^' („l)x,(xi + ...+.v,-i)(_l).v,(xi + ...+^-+...+.r,_i) 
i<j 

F{[Xi,Xj],Xi,. . . ,Xi, ...,Xj,... ,Xn+i). 

From the Jacobi identity, it comes d^ = and we can then define the cohomology (with 
trivial coefficients) of g as: 

Z(0) :=Ker(J), B{q) ■.= lm{d) and //(g) := Z{q)/B{q). 

Let {Xi ,.. . jXp+c/} be a basis of g and , . . . , (jip+q} its dual basis. Define the forms 0; 
as ^i{X) i-lY'-'^iiX), X eg. Thus, one has: 

(1.1) d^-Y,^.^l^xr 

^ i=\ 

It results from (II. H that /"(g) C Z(g). Moreover, one has: 

(1.2) Lj = ixorf + t/oi;f, VXeg. 

As a consequence, commutes with d and LJ(Z(g)) C B(g). 

2. Orthosymplectic Lie superalgebras 

In this section, let g be the orthosymplectic Lie superalgebra osp(l,2n). Among simple 
Lie superalgebras, the orthosymplectic osp(l,2«) are the only ones (together with simple 
Lie algebras) satisfying the remarkable property of being semi simple ||5J , meaning that 
every finite-dimensional representation is completely reducible. 

2.1. The Weyl algebra and osp(l,2n). In the quantization framework, the Lie superal- 
gebra g can be realized as follows: let A„ be the Weyl algebra generated by / = 
1, . . . ,n} with [/?,-, ^,]^ = 1, V /, = \pi,P]\^ = [qi,qj]^ = 0, if / ^ j where [•, 
denotes the Lie bracket. The algebra A„ is Z2 -graded, hence a Lie superalgebra. Denote 
by [•, ■] its bracket. 

Definition 2.1. The twisted adjoint action of A„ onto itself is defined as: 

ad'A(B):=AB-(-l)"(^+^)BA 
for A,B e An, deg2;,(A) = a, deg^^_{B) ^ b. 

Let Vj :~ span{pi,qi,i — !,...,«} and f) :—Vj(B [Vt^^t]- Then [) is a subalgebra of the 
Lie superalgebra A„. Let now y := Vj © Vj where V;, := C • 1. We have ad' ()(y) C V. 
Moreover the supersymmetric 2-form F {X ,Y) := [X ,Y]j^ , X ,Y e Vj and F(l, 1) := — 2 is 
ad' f)-invariant. It follows that f) ~ osp(l,2n). An easy but remarkable consequence is the 
following 

Proposition 2.2. IfX e osp(1,2«)t, then X^ ^ 0. 

Proof. It is enough to show that ifX e Vj, then (ad'X|y)3 = 0. Using (ad'X)(l) = 2X and 
(ad'X)2(F) = 2[X,Y]^ X, V F £ Vj, the result follows. □ 

More generally: 
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Proposition 2.3. Let nbe a finite-dimensional representation ofg = osp(l , 2n). IfX e Qj, 
then 7t(X) is nilpotent. 

Proof. We use here the reahzation of g as f). Let X ^ = Vj, X Q. There exists a 
Darboux basis of Vj for the form F\vjxVj such that X is the first basis element. We can 
then suppose that X = pi. Let ( = [5 © Ij with [j = span{pi,qi} and [g = [[j, [j]. So I ~ 
osp(l,2). Let p = Write p = (Biei Pi its decomposition into simple components. If 
do = max{dimp,-,/ G /}, then 7r(pi)* =0. □ 

2.2. Cohomology of osp(l,2n). From ||5|, the representation L" of g is completely re- 
ducible. Using KoszuF strategy in 1 this fact together with the results in Section L2, in 
particular the equations and ( IL2t . allows us to prove 

Lemma 2.4. Every cohomology class ofH{g) contains one and only one invariant cocycle. 
In particular, is the unique invariant coboundary and H{q) = /"(g). 

For the sake of completeness, we should mention that there exist better results concern- 
ing //(g): Fuks andLeites 16] have announced that //(g) ~//(go) — H{sp{2n)). However, 
we shall not need these results here. 

2.3. Invariants. Concerning /'(g), it results from V. Kac's work that the Chevalley re- 
striction theorem holds 1 15|: let f) be a Cartan subalgebra of gg and W the Weyl group, 
then the restriction of /'(g) into Sym(f)*)^ is an algebra isomorphism. As a consequence, 
/'(g) is a polynomial algebra in n variables. We will see later how to choose convenient 
generators. 

3. Chevalley' s transgression operator for Lie superalgebras 

The transgression operator t : Sym(g*) — + Ext(g*) was introduced by Chevalley (|4]|3l, 
see also fSl) and it is a fundamental tool in the theory of Lie algebras. In this section, 
we shall generalize this notion to the case of Lie superalgebras and give some elementary 
properties that will be useful in the sequel. 

Let g = gg © gj be a Lie superalgebra. Let {Xi , . . . ,Xp} he a basis of gg, {Yi , . . . , F^} a 
basis of gj, {Cli,. . . ,^p} and . . . ,(j)g} their respective dual basis. There exists a super 
derivation R of ^(g) of degree extending Idg*: 

'=1 i=i 

We have: 

R(P) = (deg^P) V/^G^(g) 

where deg^ P comes from £P{g) ^ Sym(gi ) (g)Ext(gi ) and from the natural Z-gradations 
of Sym(gi) andExt(gi). 

There exists an algebra homomorphism s: ^{g) ^ ■s/ig) such that s{Q.i) — d£li, i — 
1, . . . and s{^j) — d(j)j, j — I,. . . ,q (since the dQ.i (i— 1, . . . ,/?) commute, the d(^j (j = 
l,...,q) anticommute and the dQ.i, d(j)j (i ~ I, . . . ,p, j — I, . . . ,q) commute). 

One can easily check that d{s{P)) = 0, V P G ^(g). Besides, s is a homomorphism 
of g-modules, if ^{g) is endowed with the representation L* and jz/ (g) endowed with the 
representation L". Therefore i(/'(g)) C/"(g). 

Following Chevalley, we now set: 
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Definition 3.1. The transgression operator t: £P{g) ^ (g) is defined as 

(3.1) t{P) f a A.(Dx,(P)) - f A.(Dy^.(P)),VP e ^(fl) 

A priori, this definition seems to be basis dependent, but this is not the case as we shall 
show below. For the time, let us state: 

Lemma 3.2. One has d{t{P)) = s{R{P)), V P £ ^(g). 

Since R(P) = (deg^P) P, Lemma lT^ shows that if P has no constant term, then s{P) is 
a coboundary. 

Moreover t is an i-derivation: 

Lemma 3.3. One has t{P-Q)^ t{P) As{Q) + s{P) At{Q), for all P,Qe ^(g). 

In order to establish some other properties of the transgression, we need now an intrinsic 
definition of t. First, observe that there is an isomorphism End(g) = g* g given by: 

:= i-iymiY) X,VSle g*, X,Y e g. 

s 

Thanks to this identification, the representation n ad (g) ad becomes ad (ad •) and Idg = 

p <? 

V Q.j ®Xi — V <^j®Yj is ;r-invariant. 
'=1 ;=i 

Now fix f e ^(fl) and set Tp : End(g) -> .s/ (g) as 

(3.2) Xp{£l®X):=Q.As{Dx{P)) 

s 

It is immediate that Tp(Idg) = t{P), so the definition of t in j3.U is basis independent. 
In addition, using the representation n on End(g) and L" on (g), one has 

Lemma 3.4. IfP e /*(g), then Xp : End(g) (g) is a g-module homomorphism. 

As a direct consequence of ( 13. 2t and Lemma l3r4l we obtain: 

(3.3) f(/^(g))c/«(g) 
Combining |3.3in~n and Lemma lT^ one has 

Lemma 3.5. Let P^{q) be the subspace of P{q) with no constant terms. Then for all 

Peiii5),siP)^0. 

Finally applying Lemma l33] we conclude 
Lemma 3.6. For allPeC® (/+(g))^ t{P) = 0. 
Remark 3.7. For similar results in the non graded case, see ||4l or (8|. 

4. Standard super polynomials and super identities in Ql{p,q) 

In this section, V ^VqOVj with dimVo = p, dimVj = q, and g is the Lie superalgebra 
g = End(y)~g[(7,,^). 

We identify End(y ) and V ® V* by using: 

z®n(r) :=z.i2(r), vz,r ev, Q.ev* 

Then define the super trace on g as: 

str(Z(8)n) := (-l)'"^n(Z), VZeV, HeV* 
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Remark 4.1. With this definition, the 2-form B{Z\T) := str(Zr) is supersymmetric and 
non degenerate on g. In the case p = I and q = 2n, B|osp(i,2n) is non degenerate as well. 

Definition 4.2. The standard supersymmetric super polynomials (resp. skew super- 
symmetric ^) are given by: 

where l,Xi,. . . ,Xk e g. 

The polynomials and are g-invariant A:-linear maps from to g. They verify the 
recursive relations below: 

k+l 

(4.2a) ^k+iiXu- ■ ■ A+i) = Y . . . ,Xj, . . . 

7=1 

=c4+i(Xi,...,X,+ i) = ^(-iy+i(-ip(-.+-+-;-.)x,-. 
i=i 

(4.2b) si/kiXi,...,Xj,...,Xk+i). 
From and we can construct E P{g) and A^^ G /"(fl): 

:= stii^k{Xi,...,Xk)), 
Ak{Xi,...,Xk) := str(^^(Xi,...,Xi)) 

Proposition 4.3. One has: 
(a) 

P2k+l{Xu. . . ,X2k+l) = {2k+\)B{^2k{Xu. ■ ■ ,X2k)\X2k+l), 

(4.4) A2kiXu...,X2k)=0, 

A2k+l{Xu. . . ,X2k+l) = {2k+\)B{s^2k{Xu- ■ ■ ,X2k)\X2k+l). 

(b) 

(4.5) Y e(c^)e((T; J:')[X^(i),X^(2)]...[X^(2^-i),X^(2^)] =2V2,(Xi,...,X2,) 
(c) 

Y ■^)[Xail)^X„(^2)] ■ ■ ■ [Xai2j-l)^Xa{2j)]Xa{2j+\) 

{X(j(2j+2)^X^^2j+3)] ■ ■ ■ {X(j(2k)^X^^2k+l)\ = '^'^^2k+l{X\,. ■ ■ ,^2*:+l) 

(4.6) 

Remark 4.4. The identities ( I4.4> . ( 14. 5> and ( 14. 6> are super versions of classical identities 
in the non graded case. Their proofs are simple adaptations to the super case. Other super 
identities can be settled, but they will not be needed in this work. 

Let us examine what happens when we apply the transgression on the invariant Pt de- 
fined by the super trace. 

Tlieorem 4.5. One has t{Pk) = {-\f-'^kA2k-\. 
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Proof. The main argument here will be Lemma l3Jl Let Mij be the coordinate forms. Then 

R={n,-n-i) ' " 



niir. 



where m 



iR 



Supersymmetrizing, we obtain: 

i-ep.pll 

R 

jelp+l.p+cil 

R 

(notice that the products above are calculated in 3^{g)). 
From t[Mrs) — Mrs, V r,s and Lemma l3Jl it comes: 

k 

t{Mir, ■Mr^_^i) = ^ dMir^ hdMy^y^ A . . . AM,,,_|,, A . . . hdMy^_^i 
l=\ 

{\i l = k then r^. = / in the sum). 
Therefore: 



^ (^_yf[^m.mR)t^Y.^^a)e{,a,S!;)M,y,{{X,^^^^^ 

(Xa(2^-l)) • • ■Mr^-iii[X(j{2k-2)iXcr(2k-l)]) 

At the end, we have: 

E ( - 1 ) "'"'"^ ) J (^.^^ My^_^,)iXu...,X2k-i) 

R 

= e(cT)£(cJ, J:-)M„,([X^(i),X„(2)])... 

a.R.e 

Mri_iri{Xa{2l'-l)) ■ ■ ■Mri^_ii{[X(j(^2k-2)i^a{2k-l)]) 

= i-lf-'Y.Mn{^2k-i{Xi,...,X2k-i)) (hyEM 

= i-l f-hMi,{£/2k-liXu- ■ ■ ,X2k-l)). 

5. The Amitsur Levitzki theorem for osp(l,2n) 



□ 



Henceforth we will assume that g = osp(l,2n) and g = gl{l,2n). We will now prove a 
(super) version of the Amitsur-Levitzki theorem for g. In other words, we will show: 

Theorem 5.1. For allX\,. . . ,X).„+2 G 0, vve have s^4„+2{Xi ,Xi.„+2) = 0. 

Notice that this identity is valid if Xi, . . . ,X4„^2 G 0o by the classical Amitsur-Levitzki 
theorem. Furthermore, if = • • • = X4„+2 ^ X E gj then by Proposition l2.2l the identity 
holds as well. 

The theorem will be a consequence of Theorem l4.5l and two lemmas: 
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Lemma 5.2. One has: 

(1) ForallXu...,X2p+ieg, ^2p+i(^i, • • • ,^2p+i) £ 0- 

(2) ForallXi,...,X4p+i eg, £/4p+i{Xi, . . . ,X4p+i) e q. 

(3) For allXi,... ,^4^+2 G fl, ^4^+2(^1 , ■ ■ ■ ,^4/5+2) e fl. 

As a consequence, P2k+i, ^4^+1 and A4P+2 vanish as multilinear mappings on g. 
Recall from Subsection 2.3 that the restriction R: F{g) ^ / is an algebra isomor- 
phism where J Sym(f)*)^. The elements of i) are the matrices H{ai , a2, . . . , a,,) = 
/«i \ 
-ai 

, so one has Sym(f)*) — C[ai,..., a„] and the Weyl group 

a„ 

V -OnJ 

is generated by permutations and changes signs of ai , . . . , a„. For these reasons, we can 
write J = C[fi, . . . ,f„] where tk := ^4=1 Ctf^ fox \ < k < n. It is clear that tk €J,y k and 
that tk e if k > n + 1 where 7+ denotes the augmentation ideal. On the other hand, 
R{P2k) — '^■tk, therefore one deduces: 

Lemma 5.3. One has = C[P2, A, ■ ■ ■ ,P2n] andPin+i G 

We will next terminate the proof of Theorem l5.1l 

Proof, (of Theorem 15.71 ) Let fg be the transgression defined on g and be transgres- 
sion defined on g. Since g is a subalgebra of g, if P is a ;?-form in ^(g), one has 
tg{P)\gp = tg{P\gp). Ill thc scqucl, we use f for both transgressions tg and fj, and we 
consider multilinear mappings restricted to g. Now, since P2n+2 G (^+(0))^^ we have 
t {P2n+i) = from Lemma l3T6l Using Theorem l4.5l we deduce t (P2n+2) — ~ (2n + 2) A4„+3, 
hence A4„+3 = 0. From Proposition l4.3l for all Xi , . . . ,X4„+3 G g, 

A4n+3(-'''l, • • • ,-'''4;i+3) = (4n + 3)B(^^„+2(-^l , ■ ■ ■ ,-^4«+2) |-^4«+3)- 

But ^„+2(^i T ■ ■ i^An+i) £ by Lemma l5^ f'3). hence from Remark RTTI 
'e^4«+2(^i , • • • ,^4«+2) = 0, for all , . . . ,^4 

n+2 G g. 

□ 

Remark 5.4. From ( I4.2b> . we have s^k\gk — Q if k > An + 2. Also one can check that 
■2^n| 4"-ix _ 7^0 (thanks to Hopf-Koszul-Samelson theorem for go =sp(2n)). So the index 
obtained in Theorem l4.5l is the best possible, if one considers only even indices, a technical 
but justified assumption (see |9|). As for £^4n+i\g*n+\, it does not vanish if n = 1 et n = 2, 
but the general case is still to be done. 
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